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ABSTRACT 

The ionosphere i s  considered as a d i s s ipa t ive  medium i n  which 
t h e  random thermal motions of the charged p a r t i c l e s  a c t  as a source of 
thermal rad ia t ion .  
with ions and neu t r a l  p a r t i c l e s  i n  the  ionosphere. A method of ana lys i s  
has been developed with t h e  a i d  o f  the  Maxwell and Langevin equations I 

based on a l i nea r ,  macroscopic, f luc tua t ing  electromagnetic f i e l d  theory. 
The s p e c t r a l  densi ty  of t h e  random-current source funct ion i s  derived i n  
terms of the  conductivity tensor  of  t h e  ionosphere. 

Attent ion has been focused on t h e  e lec t rons  co l l i d ing  

The ionosphere i s  divided i n t o  a l a rge  number of incremental 
volume elements, each containing an ionized medium which represents  an 
anisotropic  elementary rad ia t ing  system, character ized by the  s p e c t r a l  
densi ty  of t h e  source function. The rad ia t ion  c h a r a c t e r i s t i c  of t he  
r ad ia t ing  system observed a t  a point loca ted  outs ide of t he  source 
region i s  obtained with t h e  a i d  o f  t he  p o t e n t i a l  funct ions which r e l a t e  
t h e  thermal electromagnetic f i e l d s  a t  t he  observation poin t  t o  t h e i r  
source function. 
i s  such t'nat y2 + z2 = j, w1iel-e Y = iu$;i; znd z = v,'~, t he  r ad ia t ing  

system loses  i t s  anisotropic  fea ture .  

c o l l i s i o n  frequencies of t h e  electrons, respect ively.  Based on the  
superposit ion pr inc ip le ,  general  expressions have been derived f o r  
W ( f , V  ), t h e  thermal noise  power generated per  u n i t  bandwidth from any 

given source region V of the  ionosphere, and f o r  Po(f,Vs), the  

ava i lab le  thermal noise  power per unit bandwidth a t  a receiving 
antenna. 
t h e  ionosphere where the  electron c o l l i s i o n  process plays a major r o l e  
i n  the  thermal r ad ia t ion  and are not  l imi t ed  i n  frequency range. 

It i s  obse rved tha t  when the  frequency of r ad ia t ion  

cy, and v a r e  the  cyclotron and 

S 

S 

These expressions a r e  v a l i d  f o r  most regions of i n t e r e s t  i n  
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THERMAL RAI>IATION FROM THE IONOSPHERE 

- I - INTRODUCTION 

It i s  wel l  known t h a t  because t h e  ionosphere ac-ts as an absorber 

of radio waves, it can also act as an emi t te r  of thermal radio noise.  

It has been conclusively demonstrated by various workers1‘ ‘3: ’” ’ t ha t  

t h e  thermal emission from the D-region can, under favorable conditions,  

be  observed writh a dipole  antenna. For example, Pawsey e t  a1.l have 

i d e n t i f i e d  and measured the  thermal r ad ia t ion  from the ionosphere i n  

t h e  v i c i n i t y  of 2 mc/sec i n  the temperate l a t i t u d e .  

It appears tha t  usual ly  t h e  thermal r ad ia t ion  has been neglected 

because i t s  l e v e l  i s  exceedingly low as i l l u s t r a t e d  by Pawsey e t  al .  

and it does not cons t i t u t e  an appreciable source of in te r fe rence  i n  

rad io  communication. 

t h e  ionosphere) i s  not  necessar i ly  a detr imental  e f f e c t  i n  a l l  cases, 

as it i s  i n  communication, since i f  t h e  s p e c t r a l  d i s t r i b u t i o n  of t he  

emitted energy i s  cha rac t e r l s t i c  of t h e  plasma p rope r t f e s ,  a measurement 

of rad ia t ion  provides spec i f i c  information on the  plasma. For example, 

knowledge of t h e  rad ia ted  power gives a measure of t h e  e lec t ron  temper- 

a t u r e  i n  t h e  plasma and t h i s  has been used as a powerful diagnostic 

technique. 

However, t h e  noise  rad ia ted  from a plasma (e.g., 

For a s teady-s ta te  plasma a macroscopic r ad ia t ive  t r a n s f e r  concept 

can be appl ied without de ta i led  knowledge of t h e  atomic processes and the  

emission spectrum can be determined from t h e  electromagnetic wave 

absorption, transmission and r e f l ec t ion  proper t ies  of t h e  plasma. These 

determinations arel  i n  general, complicated by the  nonuniformity and 

geometrical configurat ion of  the emit t ing plasma. 
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I n  view of t h e  f a c t  t h a t  a current  survey of the  l i t e r a t u r e  shows 

t h a t  no de ta i led  information with regard t o  the  mechanism of generation 

of ionospheric thermal r ad ia t ion  i s  avai lable ,  it i s  t h e  purpose of t he  

present  report  t o  study t h i s  phenomenon i n  t he  hope t h a t  it w i l l  serve 

as a usefu l  s tep toward an understanding of t h e  fundamental process.  

It i s  well  known t h a t  t he  thermal r ad ia t ion  from d i s s ipa t ive  

bodies i s  due t o  the  random thermal motion of t he  charges i n  the  body. 

If the  body i s  a t  a uniform temperature, one approach t h a t  may be used 

l'or studying rad ia t ion  may be ca l l ed  the  i n t e g r a l  approach. 

as  a who1.e i s  considered t o  be nonradiating and the  power t h a t  i s  

absorbed from i t s  surroundings, which i s  assumed t o  be a t  t h e  temperature 

of t he  body, can be computed. This power i s  s e t  equal t o  t h e  power 

rad ia ted  by the body. 

t he  noise  current f l uc tua t ions  t h a t  a r e  the  cause of the  thermal r ad ia t ion .  

I n  those cases i n  which the  temperature of t h e  body i s  nonuniform t h i s  

approach f a i l s .  

The body 

I n  t h i s  approach no attempt i s  made t o  determine 

Another approach, which may be ca l l ed  the  "Nyquist source t r e a t -  

merit " 5,677' y focuses a t t en t ion  upon the sources of t h e  r ad ia t ion  and de ter -  

mines t h e i r  re levant  s t a t i s t i c a l  p rope r t i e s .  Once these  a r e  known, the  

determination of t he  r ad ia t ion  i s  conceptually a simple problem, although 

mathematical d i f f i c u l t i e s  usua l ly  a r i s e .  A s t ep  toward the  determination 

of t he  current f l uc tua t ion  i n  a l i nea r ,  d i s s ipa t ive  medium has been taken 

by Rytov". 

showed t h a t  by pos tu la t ing  some co r re l a t ions  f o r  t h e  cur ren t  f l uc tua t ion  

i n  such a media a co r rec t  descr ip t ion  of t h e  thermal electromagnetic 

f i e l d  can be obtained. Haus' has been able  t o  determine t h e  co r re l a t ions  

of t h e  current f l uc tua t ion  i n  a l l  uniform l i n e a r  d i s s ipa t ive  media. 

Vanwormhoudt and Haus7 have general ized these  r e s u l t s  t o  nonuniform media. 

He considered ordinary conducting homogeneous media and 

I 
I 
I 
1 
I 
I 
1 
I 
1 
I 
I 
I 
1 
I 
I 
1 
I 
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I n  the  present  study, the "Nyquist source treatment" i s  adopted 

and the  ionosphere i s  considered as an anisotropic  d i s s ipa t ive  medium 

i n  which t h e  random thermal motions of t he  charged p a r t i c l e s  a c t  as  a 

source of the  thermal radiat ion.  

ionosphere a l i n e a r  cons t i tu t ive  l o c a l  r e l a t i o n  e x i s t s  between the  driven 

a-c conduction current  densi ty  J 

i n t e n s i t y  E of t h e  form 

It i s  f u r t h e r  postulated t h a t  i n  t h e  

1 
and an applied a-c e l e c t r i c  f i e l d  d 

4 

Ll 
where CJ i s  the  conductivity tensor o f  t h e  ionosphere, and a function 

of t h e  angular frequency u) and pos i t i on  va r i ab le  r which charac te r ize  

t h e  m e d i u m  under consideration. 

throughout the  present  paper. 

-A 

A small-signal ana lys i s  i s  made 

11. DERIVATION OF THE CONDUCTIVITY TENSOR - -- 

For a macroscopic analysis  t he  Langevin equation can be used 

e f f ec t ive ly  t o  describe the  motion of an electron,  and it c a n b e  

expressed as follows: 

J A  
where B(r) is  the s t a t i c  geomagnetic f i e l d ,  v ( r )  i s  t h e  average 

e l ec t ron ic  c o l l i s i o n  frequency w i t h  ions and neu t r a l  p a r t i c l e s ,  e, 

m and v a r e  t h e  e l ec t ron ic  charge taken as a negative value, m a s s  

and ve loc i ty  respect ively.  

-5. 

2 
On t h e  o the r  hand the  convection cur ren t  dens i ty  J i s  r e l a t e d  

A 
t o  t h e  ve loc i ty  v by 
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A a 
J = N e v ,  

0 

A. 

i;;?er- No (r) i s  the electron number densi ty .  

Assuming the time harmonic va r i a t ion  f o r  t he  quan t i t i e s  
1 

of i n t e re s t ,  upon elimination of v from Eqs .  2 and 3 t h e  following 

re la t ionship  i s  established: 

where 

i n  which cu 

respectively,  and E i s  t he  d i e l e c t r i c  constant of vacuum. 

and ub a re  the  plasma and gyrofrequencies of t he  electrons,  
P 

0 
1 I n  a three-dimensional space any vector F can be wr i t ten  as 

CGl 

1 1  I 
where the  uni t  vectors  u 

s e t  of bas i c  vectors  f o r  t he  space and F i s  the  component of t h e  

vector  i n  the d i r ec t ion  of u A t  t he  same time, t h e  vector  F may 

a l so  be expressed as  a column matrix, denoted by - F a s  

u and ug form a complete orthogonal 
1’ 2 

a 
aL 2. 

a’ 
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The vector  Eq. 4 may be conveniently expressed i n  t h e  following matrix 

form: 

r,J - = g 
or equivalent ly  i n  tensor  notat ion as 

U A  A 
7 . J =  E , 

where t h e  resist ivity matrix 1 i s  defined as - 
7 = I Y @ l  , a, f3 = 1, 2, 3 , 

with i t s  elements being given by 

- Y  

and 

and with i t s  determinant iy  I given by - - 

i n  which 

(13) y2 = y2 + y2 4- y3' , 
1 2 

In  view of t h e  f a c t  t h a t  I y  I can be zero only f o r  a spec ia l  s i t u a t i o n  

where v = 0 and u) = u) occur simultaneously. 

i n t e r e s t  t o  t he  present  stuciy, Iv I can be considered t o  possess en 

inverse, which i r  iznot2f.l by 0 and i s  re;c'errcc; t o  i."  he "ccnCuctivity 

iz,trix'' , i . e .  , 

- - 
Since v = 0 i s  not of H 

- - 
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where - I i s  the u n i t  matrix. Consequently, from Eq .  8 and Eq. i 4 ,  - J - 
can be expressed i n  terms of - E e x p l i c i t l y  as 

or i n  a tensor nota t ion  as 

u u 
It should be noted t h a t  t h e  components of t h e  tensors  0 and y do 

depend upon the p a r t i c u l a r  choice of t he  coordinate system. I n . t h e  

present  report ,  the  spher ica l  coordinate system i s  employed because 

it appears t o  be  t h e  most convenient one t o  use f o r  t he  configuration 

of t h e  region under inves t iga t ion .  

It i s  well  known t h a t  t he  geomagnetic f i e l d  can be approxi- 

mated by a dipole f i e l d  which i s  induced by a uniformly magnetized 

spher ica l  earth,  and may be expressed' as 

where the  space var iab les  r and 8 denote, respect ively,  the  radial  

and polar  angular coordinates of t he  geomagnetic spher ica l  coordinate 

system with i t s  o r ig in  located a t  t he  center  of t he  ear th ,  and the 

constants M and a a r e  the  magnetization and the radius  of t he  ea r th  

r e  spec t ive  l y  . 
2 2  A 

If the u n i t  vectors  ul, u2 and ug a r e  taken as  the  bas ic  

vec tors  i n  the spher ica l  coordinate system (r, 8 ,  cp), then the  

indices  1, 2 and 3 can be made t o  correspond t o  the  coordinate 

va r i ab le s  r, 8 and cp respect ively.  Thus F , F and F represent  

the  r-,@ and cp-components of the  vector  F. 

1 2  3 
A 
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By adopting the  model of t he  geomagnetic f i e l d  described by 

Eq. 17 it i s  not d i f f i cu l t  t o  see t h a t  the components of the  vector 

Y, defined i n  Eq. 5, are given by 
A 

Y = 2G cos 8 Y2 = G sin 8 and Y3 = 0 
1 

where 

and the components of z and u are given as follows: - - - 

- = o ,  712 - - 721 

and 

where 

- - - - 2 G  cos f3 
'23 - - y32 W E  x 

0 

X D = jw 
u(u2 - Y2> 0 

and 
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with 

= (z2 - 1. + G~ s in2  e )  + j2z  
c22 

C = C = 2G2 s i n  0 cos 0 
12 21 

c -  - - c  = - ( Z  + j )  G s i n  0 
13 31 

c = - C  = 2 ( z + j ) ~ c o s e  . 
23 32 

NOISE POWER -- RADIATE3 FROM TlJE -- I O N 0  SPHERE - 

A body with a nonuniform temperature d i s t r i b u t i o n  i s  not i n  

thermodynamic equilibrium. However, i n  those cases i n  which the  

d i s t r ibu t ion  funct ion of charge c a r r i e r s  devia tes  only s l i g h t l y  

from the  equilibrium d i s t r i b u t i o n  (so as  t o  produce hea t  and cur ren t  

flow), and t h i s  includes a l l  cases f o r  which a temperature can be 

reasonably defined, it would be expected t h a t  t he  rad ia ted  noise 

power could s t i l l  be  computed as the  superposi t ion of t he  noise power 

rad ia ted  from the  var ious volume elements of t h e  body. In  t h i s  case 

each element a t  a p a r t i c u l a r  temperature r ad ia t e s  t he  same noise  

power it would r ad ia t e  a t  equilibrium a t  t h e  same temperature. Such 

an ana lys i s  c a l l s  f o r  an approach t o  the  f luc tua t ion  problem t h a t  

considers each d i f f e r e n t i a l  volume element separa te ly  as an absorber 

and emi t te r  of no ise  power. It c a l l s  f o r  t h e  introduct ion of a 

source term in to  Maxwell's equations analogous t o  t h e  source term 

of t he  Langevin equation i n  the  theory of Brownian motion. 
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i 

11 
R 
I 
I 

1 
I 
I 
I 
1 

Although Maxwell's equations and the constitutive relation 

are sufficient to solve most electromagnetic problems, they are 

insufficient for noise studies. 

the constitutive relation represents only the current driven by 

the electromagnetic fields. Besides this driven current, the 

current density fluctuation caused by the random motion of the 

charge must be considered. This ca,n be taken into account by 

introducing into Maxwell's equations a random driving current 

density distribution which is independent of the electromagnetic 

The current density derived from 

fields, i. e., 

and 

A A where e a12Ci h 

re spec t ively, 

L. a$ 
v x  e = 

are the tim,e-deTendent electric and mzgnctlc fields, 

and 1 is the current density, p is the permeabi1it.y of 4 
0 

A 
vacuo. The current density i in Eq. 26 consists of two parts. 

of all there is the "driven" component i 

electric field e and is related to e by Eq. 15. 

fluctuations of the field at thermal equilibrium can be taken into 

account by another current component of i in Eq. 26, the source current 

density K(t,r), a statistical quantity which is a stationary function 

of time. 

3-1 

First 
1 

that is produced by the d 
2% A 

The spontaneous noise 

I 

A 

The Dyadic Spectral Density of Current Source Functions -- - 
In the study of problems involving radiation of noise power, 

it is convenient to introduce Fourier transformations in time of all 

field quantities in Eqs .  25 and 26. In the present case all random 
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time functions are s t a t iona ry  and, s t r i c t l y  speaking, they do no 

possess Fourier transformations.  However, t h i s  d i f f i c u l t y  may be 

overcome by constructing a per iodic  s u b s t i t u t e  function5, 

t o  t h e  def in i t ion  

according 

- 1 1  1 1  T < t < -  T 
2 F( t ,  r, T) = F ( t ,  r) f o r  - 7 

and 

A A A 5  
F ( t  + nT,, r, T) = F ( t ,  r, T) . (27) 

These s u b s t i t u t e  funct ions have Fourier  transformations of t h e  form 

I n  t h e  l i m i t  as T -> a. t h e  subst i . tute  funct ions a r e  ind is t inguishable  

from t h e i r  o r ig ina l s .  The s p e c t r a l  dens i ty  of any noise  process can 

be obtained d i r e c t l y  from t h e  ensemble average of products of these  

Fourier  components. Thus, t h e  dyadic s p e c t r a l  dens i ty  of F i s  given 
A 

by 

where t h e  symbol * denotes the  complex conjugate. 

It should be noted t h a t  t h e  s p e c t r a l  ana lys i s  of the  per iodic  

s u b s t i t u t e  function leads t o  a d i s c r e t e  spectrum extending over 

negative, as wel l  as pos i t ive ,  frequencies.  With l i n e s  a t  frequency 

i n t e r v a l  Af  = (1 /T)  t he  expression 
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may be i d e n t i f i e d  i n  the  l i m i t  of l a rge  T as  " the mean-square f luc tua t ion  

of' F i n  the  frequency i n t e r v a l  af". 

funct ion F, (see Reference 9), 

I 
Furthermore, for a s t a t iona ry  time 

A 

Prec ise ly  t h i s  kind of treatment must be  kept i n  mind i n  applying 

t h e  formal expansion of the  Fourier i n t e g r a l  and using the  s p e c t r a l  

amplitude dens i t i e s  i n  t h e  study of electromagnetic f luc tua t ion ,  on 

which the  present  repor t  i s  based. 

A s  a matter of convenience, for a g a r t i c u l a r  physical  var iab le ,  

t he  lower case l e t t e r  i s  used for t he  s t a t iona ry  time funct ion ancl for 

i t s  per iodic  s u b s t i t u t e  function, while t he  c a p i t a l  l e t t e r  i s  usea for 

i t s  Fourier  transform, i n  t h e  following discussion. It i s  obvious, from 

Eqs.  25 and 26, with t h e  a i d  of Eq. 16 t h a t  t h e  Fourier  amplitudes of' the  

per iodic  s u b s t i t u t e  funct ions are r e l a t ed  i n  the  Following manner: 

A I 
V'x E = -jUp H ( 3 2 )  

a n d  

(33)  
1 A l J A l  

V ' x H  = j w E o E + o * E + K  . 
Suppose t h a t  a region of t he  ionosphere under study i s  divide& 

i n t o  a l a rge  number of s u r f i c i e n t l y  small elementary volume elements 

such t h a t  within each one of these elementary volumes the  medium may 

reasonably be assumed t o  be uniform a t  a c e r t a i n  temperature To. 

S t r i c t l y  speaking these  elementary volume elements should be made t o  

approach zero. On t h e  o t h e r  hand, they have t o  be kept l a rge  enough 

t o  contain E l a rge  number of charge c a r r i e r s  i n  order  t h a t  s t a t i s t i c a l  

erguments mzy be applied.  

medium n s  Given by Eq. 16 i s  possible  only beczuse t h e  cur ren t  i n  en 

A tensor-conductivity descr ip t ion  of t he  
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elementary volume depends upon t h e  e l e c t r i c  f i e l d  i n  t h e  same volume, 

b u t  no t  upon i t s  der iva t ives ,  t h a t  i s ,  upon t h e  value of t h e  e l e c t r i c  

f i e l d  i n  t h e  neighboring elementary volumes. I n  view of  t h i s  f a c t ,  

it i s  q u i t e  reasonable t o  expect t h a t  t he  source cur ren ts  caused by 

t h e  random motion of t he  charge c a r r i e r s  i n  two neighboring elementary 
A 1 

volumes a r e  uncorrelated. In  o ther  words, i f  r and r '  denote .the 

points  belonging t o  two d i f f e r e n t  elementary volumes, then k(cu, r) 

and K(cu, r ' )  are not  co r re l a t ed  and t h e  dyadic s p e c t r a l  densi ty  OT 
A 
K has the  form 

A A 

(34) 

On the o the r  hand, an elementary volume element. inUy b t  > - I  - 1 1  ' i . 

as a l i n e a r  network containing a noise source i n  thermal equi k i 7 . 7  i om 

and t h e  technique developed i n  t h e  theory of l i n e a r  noise network6j7, 

which makes use of t h e  generalized Nyquist theorem, can be appl ied.  

Using the  concept of  a l i n e a r  network, f o r  example, Haus" has obtained 
U A  

a simple expression f o r  +(m, r )  as follows: 

where k i s  the Boltzmann constant and the  symbol dagger (t) ind ica t e s  

t h e  complex-conjugate transpose of t he  conductivity m a t r i x  0 .  i i t!i 

average volume densi ty  of  thermal energy T ( r )  i n  jou les  pe r  m3 i s  

introduced, defined as  t h e  r a t i o  of t h e  amount of thermal energy 

generated within an elementary volume AV t o  t h e  volwnc 2 V ,  then from 

E q s .  34 and 35 one has 

L \  

1 
. I  

I 
1 
i 
I 
I 
I 
1 

I 
I 
I 
1 
1 
I 
I 
t 
1 

n 



1 
1 .  
I 
I 
1 
t 
I 
I 
8 
I 
8 
I 
I 
8 
8 
I 
I 
I 
I 
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and f r o m  Eq. 30 

= 2~ T ( r )  &Lu, F’) + % + (co, $)I , avg . <22(Lu, *) ?*(a, $)> 

(37)  

which may be given a l t e rna t ive ly  i n  i t s  component form with the  a id  

of Eq. 24 as follows (see the  appendix for the  d e t a i l s ) :  

- [(l + Z2) (1  + Z2 + Y2) + (Z‘ + Y2 -3)  4G2 cos2 01 , 
l11 - ’m 

[(i + z 2 ) ( i  + z2 + y2) + (z2 + y2 -3)  G~ s in2  el  

[(l + Z 2 ) ( l  + z’ + Y2)j 

, - i 
I 2 2  - ‘go 

l , ,  - m 
I12 j21 -&o 

13 - %1 - j 23  - l32 

, 1 - 

- - - C(z2 + y2 - 3 )  G~ s i n  2 e l  , 

- - = o ,  

- - m - - m = o >  
m33 12 21 

- 

- - - m - m  
11 22 

[ 4 ( i  + z2) G COS el  - - -1 
-&o m - - m  

and 

Q(Y,Z) = (Y2 + Z2 - 1)2 + 42’ . (40) 

23 32 

It i s  observed t h a t  Y = 0 when G = 0. I n  t h i s  czse, 

= 1 if 0 = p and I = 0 i f  QI f By while m becomes zero regard- 
laB aB alg 
l e s s  of whether a = B or Q! f3. 



-14- 

the  tensor  (L ) appearing i n  Eq.  30 becomes a s c a l a r  and t h e  medium 

becomes i so t ropic .  This i s  p e r f e c t l y  reasonable s ince  when G = 0 t h e  
aB 

geomagnetic f i e l d  i s completely absent.  

It i s  a l so  i n t e r e s t i n g  t o  note t h a t  f o r  t h e  case 

R again becomes e i t h e r  equal t o  un i ty  o r  t o  zero according t o  

whether a = f3 o r  a f and 

1 
2 

- - - G s i n  8 - m - - m  
13 31 

and 

= - G COS 8 .  - m - - m  
23 32 

3 . 2  Time Average Thermal Noise Power Radiated - -  -- 
It i s  not d i f f i c u l t  t o  see t h a t  from Eqs .  25 and 26 the  following 

energy conservation r e l a t i o n  can be obtained: 

A A A  
which i s  t he  f ami l i a r  "Poynting theorem", where p = e x h i s  the  

Poynting vector representing power flow densi ty .  The f i r s t  term on 

t h e  right-hand s ide  of Eq.  43 represents  t he  jou le  hea t  losses  per  

u n i t  volume i n  the  medium and the  o ther  term represents  t he  r a t e  of 

change 

s tored  

of the  s tored  electromagnetic energy densi ty .  

For the per iodic  f i e l d ,  t he  average time r a t e  of change of 

energy i s  zero, so t h a t  

where the  bar  denotes the  time average of t he  quant i ty .  

f a c t  t h a t  

Using the  
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and 

the  t o t a l  average power radiated from a system of a current  i s  given 

by lo 

S V 

Thus rad ia t ion  can be calculated e i t h e r  by in t eg ra t ing  the  normal 

component of t he  Poynting vector over a closed surface S including 

a l l  sources or by in t eg ra t ing  the power expended per  u n i t  volume over 

the  current  d i s t r ibu t ion .  I n  the present  discussion the  l a t t e r  

approach i s  taken. 

Keeping i n  mind t h a t  t h e  concern here  i s  with the  random 

current  d i s t r i b u t i o n  and since the  time average power rad ia ted  per 
A volijIiiz, - . /** \  w \ w ,  r>, i s  given sjr 

w(w, ?) = $ Re [z* * $1 , watts/m3 , (47) 
-?r L 

. i n  which K i s  the  cause and E i s  i t s  e f f ec t ,  and with the  a i d  of 

Eq. 9, w(w, 3 becomes 

The subs t i t u t ion  of Eq. 20 into Eq. 48 y ie lds  (see t h e  appendix f o r  

t h e  d e t a i l s )  

On t h e  o ther  hand, with the  a i d  of Eqs .  38 and 39, the  thermal noise 

power generated per u n i t  volume pe r  u n i t  bandwidth, w (f ,  r), may be 

given as 
0 



and R a re  given i n  Eq. 10. 
11' I22 33 

v;here R 

I t  i s  i n t e r e s t i n g  t o  observe t h a t  wo given i n  Eq. 50 6oes not  

depend e x p l i c i t l y  upon the  e lec t ron  number dens i ty  TJ s ince  it does not 

contain t h e  parameter X.  Furthermore, t he  rad ia ted  thermal noise  power 

cons is t s  of three terms; t h e  term associated with R 

0 

v i t h  R 2  an6 ::ith 

each representing the  contr ibut ion from the  cur ren t  f l uc tua t ion  i n  

l 9  

t h ree  d i rec t ions  along the  coordinate axes, namely, i n  the  r-, 0- and 

cp-directions respec t ive ly .  

parameter 1 with a p, appears i n  Eq. 50 suggests t h a t  no co r re l a t ion  

between t h e  components of source cur ren ts  K and K contr ibute  t o  the  

thermal rad ia t ion .  On the  o ther  hand, rhen Y = 0, R = 

which suggests t h a t  t he  cont r ibu t ions  from t h e  th ree  d i f f e r e n t  d i r ec t ions  

The f a c t  t h a t  no term containing t h e  

aB' 

a B 
= I, - - 

I22 l33 11 

a r e  equal, and f o r  a system with th ree  degrees of freedom the  thermal 

noise  power rad ia ted  i s  proport ional  t o  3kT which i s  reasonable. 

Having obtained the  expression €or TJ (r, r), the  evaluation 

0' 
A 

0 

oC t he  thermal noise po1:er rad ia ted  f'rom any region V 

the  ionosphere i s  a re1ativel.y simple matter i-f the  way i n  which the  

o€ i n t e r e s t  i n  
S 

temperature T and the  parameters Y and Z depend upon pos i t i on  i s  known 
0 

For example, i f  t h e  s t r a t i f i e d  model of t h e  ionosphere'' i s  

considered, and it i s  assumed t h a t  t h e  e lec t ron  number densityNo, 

t he  el-ectron temperature T and the  c o l l i s i o n  frequency v a l l  depend 

only upon the a l t i t u d e  h, o r  r = a + h, bu t  not upon the  polar  angle 8 

or azimuthal angle 9, then the  parameters X and Z a r e  funct ions of h, 

0 

l 

or of r, whereas t h e  parameter Y, being derined i n  terms ol' t he  e a r t h ' s  

magnetic Tiel-d., i n  general  depends upon the  a l t i t u d e  h as Ire11 as the  

polar  angle 0 .  vs ) Therei'ore, the  time average thermal noise  power W(T, 
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per  u n i t  bandwidth radiated f rom a region V (r < r < rl, eo < 8 < 8 

and cpo 2 cp 5 cp ) can be given with t h e  a i d  of Eqs.  40 and 50 as follows 

(see t h e  appendix f o r  t h e  d e t a i l s ) :  

1 - -  s 0 -  - 

1 

where 

.. 
U 
1 

a.n d 

0 (z, u) = au2 + b 

cu4 + du2 + g 

with 

u = COS e , a = 3G2 , b = G 2 + Z 2 + I .  , 
c = 9G4 , d = 6G2(G2 + Z2 - 1) , 
g = G4 + 2G2(Z2 - 1) + (Z2 + 1)2 . 

(52) 

(53) 

(54) 

I V  . 
I 

- OBSERVATION - OF THERMAL RADIATION FROM THE -- IONCISPHERE: 

The rigorous determination of t h e  rad ia t ion  i n t e n s i t y  within 

t,he emitt ing region of the ionosphere must be based on t h e  study of 

t h e  electromagnetic wave propagation i n  a n  anisotropic  absorbing 

medium, i n  which each volume element can a c t  as an emit ter  as wel l  

as an absorber of the  thermal radiation. However, t h i s  problem i s  

not discussed i n  the  present report .  

Nevertheless, it i s  of i n t e r e s t  and of a considerable p r a c t i c a l  

importance t o  know about the  charac te r i s t ics  of noise power received 
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from t h e  ionospheric thermal r ad ia t ion  a t  a detect ing antenna loca ted  

outs ide of the source region. 

observations have been made w i t h  an antenna located on t h e  surface of 

t he  ear th;  it may a l so  be on t h e  ground or on the  sea.  

For example', *, 4, many experimental 

In  view of the  f a c t  t h a t  t he  r e l a t i o n  of t h e  rad ia t ion  f i e l d s  

t o  t h e i r  sources i s  most readi ly  found i n  terms of p o t e n t i a l  functions,  

and s ince the information with regard t o  some s t a t i s t i c a l  p roper t ies  

of t he  random source current  function K i s  ava i lab le  from Section 111, 

the  retarded vector  po ten t i a l  function i s  introduced here  and expressed 

i n  complex form as 2(w, xa) ejwt, with 

A 

where x and x' denote the  coordinates of t h e  observation poin t  and 

the  source point respect ively,  and R(x,, x ' )  i s  t he  dis tance between 

them. Vs(xb) i s  t h e  volume of t h e  source region under inves t iga t ion  

and ko i s  the wave number. In the present  discussion x i s  taken i n  

the  a i r  and x' i s  taken i n  the  ionosphere. 

a a 

a 

a 

a 
It should be observed t h a t  Eq. 55 s i g n i f i e s  superposit ion o f  

t he  solutions of the inhomogeneous wave equation 

L 
02A' + k:!? = - K , ( 5 6 )  

where k2 = w2p E 

by K = C6(xa - xh),  with 8(xa - X I )  being t h e  usual  Dirac d e l t a  function. a 
On t h e  o ther  hand t h e  retarded sca l a r  po ten t i a l  funct ion O ( 0 ,  xa) i s  

r e l a t ed  t o  the vector  p o t e n t i a l  bylo 

and corresponds t o  a source a t  t he  point  x& given 
0 0 0  

L 

I 
- 1  

1 
1 
1 
1 
I 
I 
I 
1 
1 
I 
1 
1 
I 
I 
1 
1 
I 
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which expresses t h e  idea  of conservation of charge. It should be noted 

t h a t  Eq. 57 i s  v a l i d  i n  f r e e  space (a i r )  whereas it i s  only an approxi- 

mation i n  a region of t h e  con6ucting medium i n  which I O / ~ U E ~ )  << 1. 

It i s  wel l  known t h a t  t h e  electromagnetic f i e l d s  a t  an observation 

point  x , taken i n  air ,  can be derived from these p o t e n t i a l  functions 
a! 

0 

and 
\ A 1 H = - - O X A  
I 

PO 
(59) 

where t h e  s p a t i a l  d i f f e r e n t i a l  operator V should be understood as -Ox , 

which only operates on t h e  function of x 

functions i s  p a r t i c u l a r l y  convenient because space d i f f e r e n t i a t i o n  V, 

under t h e  s ign of t h e  volume integrat ion,  does not  touch K(w, xh) a n d  

thereby t h e  f i e l d  i n t e n s i t i e s  E and H i n  the  same manner do not contain 

der ivat ives  of K.  

a 
The u t i l i z a t i o n  of p o t e n t i a l  a' 

-5 3 

A 

The subs t i tu t ion  of Eqs. 55 and 57 i n t o  Eqs .  58 and 59 gives the 

following expression ( see  the  appendix f o r  t h e  d e t a i l s ) :  

and 

1 
where t h e  vector R i s  directed from the source point  x' t o  t h e  observation 

point  xa, with i t s  magnitude being t h e  distance between these poin ts .  

a 
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It i s  of i n t e r e s t  t o  note t h a t  i n  Eqs. 60 and 61, every volume 

element dV' of t h e  medium gives the  same kind of f i e l d  as  an e l e c t r i c  

dipole a t  the  poin t  of observation x 

R, decrease f a s t e r  than 1 / R  correspond t o  t h e  quasi-s ta t ionary f i e l d  

p a r t s  of t h e  elementary dipoles,  while t he  terms decreasing with increas-  

ing R as 1 / R  correspond t o  the  rad ia t ion  f i e l d .  

and t h e  terms which, with increasing a 

If only a 1 / R  dependent rad ia t ion  f i e l d  i s  taken i n t o  account, 

the  e l e c t r i c  and magnetic f i e l d s  may be wr i t ten  from Eqs. 60 and 61 

as 

and 

vS 

vS 

1 
i n  which the  propagation vector  k 

n i s  defined as $/R so t h a t  k and 

The electromagnetic f i e l d s  

A 1 

A - - nko i s  

R are  i n  

given by 

A 

introduced and t h e  u n i t  vector  

t he  same d i rec t ion .  

Eqs. 62 and 63 can be 

considered as  t h e  random thermal electromagnetic f i e l d s  s ince t h e i r  

source function K i s  a random, s t a t i s t i c a l  quant i ty .  The power flow 
1 

densi ty  a t  t h e  observation 

a i d  of t h e  Poynting vector  

The subs t i tu t ion  of 

appendix fo r  the d e t a i l s )  

point  x may be considered now, with the  

defined i n  Eq. 45. 

Eqs. 62 and 63 i n t o  Eq. 45 y ie lds  (see the  

a 

where h i s  t h e  free-space wavelength, 2, X, and T a r e  functions of 

the  source point coordinate x' and r ( x  , x ' )  i s  defined by 

0 

a a a  
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. 
( 6 5 )  

2% 
i n  which n 

r- , 0- and y-coordinate axes, and L 

Eq. 40. 

n and n3 a re  the  components of the  u n i t  vector  n along 
1’ 2 

and R a r e  given i n  
11’ l22’ l33 12 

It should be observed tha t  Eq.  64 i s  based on t h e  concept t h a t  

t h e  rad ia t ion  i n t e n s i t y  i n  any s o l i d  angle can be t r e a t e d  as energy, 

t ransferab le  i n  a bundle of plane, nonextinguishable waves whose 

normals are  included i n  the  so l id  angle. I n  a homogeneous i so t rop ic  

medium the  d i r ec t ion  of the  vector of energy f lux  coincides with the  

wave normal5. 

propagation of t he  wave or ig ina t ing  at t h e  source poin t  x ’ .  

A 
The u n i t  vector  n (x , x ’ )  ind ica tes  t he  d i r ec t ion  of a a  

a 
= 

Having determined the  time average Poynting vector  p(u,xa), 

t h e  noise  power received f romthe  ionospheric thermal r ad ia t ion  a t  

t h e  receiving antenna can be obtained by taking a proper surface 

i n t e g r a l  of p(o?,xa) over the  aperture of the  a n t e r i a  A 
- 
A 

0’ 

A A  1 
where ds = n ds, with n being a u n i t  vector  normal t o  the  d i f f e r e n t i a l  

surface a rea  ds. 

0 0 

Since P(w), given by Eq. 66, i s  nothing but  the  ava i lab le  noise  

power a t  the  receiving antenna i n  the  frequency i n t e r v a l  between f and 

f + Af, with the  a i d  of elementary antenna theory, t he  mean-square 

f luc tua t ion  of the  induced noise vol tage < V2 > on the  antenna can be 

obt,ained from the  following simple r e l a t ionsh ip  : 
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where Rr i s  the rad ia t ion  r e s i s t ance  of t h e  antenna. 

based on t h e  assumption t h a t  t he  l o s s l e s s  antenna i s  or ien ted  f o r  

m a x i m u m  response and the  receiving system i s  designed i n  such a way 

tha t  t he re  i s  maximum power t r a n s f e r  from t h e  receiving antenna t o  

i t s  terminal  impedance. 

Equation 67 i s  

Teff’  On the o ther  hand, t h e  e f f ec t ive  antenna temperature, 

can a l so  be  determined by t h e  Nyquist formula 

P(u) = kTeffAf 

i n  which t h e  receiving antenna i s  assumed t o  be i n  thermal equilibrium 

with i t s  surroundings. 

In pract ice ,  t he  antenna used f o r  t h e  measurement of ionospheric 

thermal rad ia t ion  i s  character ized by i t s  d i r e c t i v i t y  D 

e f f ec t ive  area (or  maximum e f f ec t ive  aperture)  A 

a rea  B, which i s  the  s o l i d  angle Ra through which a l l  t h e  power rad ia ted  

would stream if  the  power pe r  u n i t  s o l i d  angle equaled the  maximum value 

of r ad ia t ion  i n t e n s i t y  over t he  beam area.  

by i t s  
0’ 

or  by i t s  beam e’ 

It i s  well  known from antenna theory t h a t  these parameters a r e  

r e l a t e d  t o  each o ther  i n  the  simple manner12 

For  example, i f  t he  receiving antenna i s  properly or ien ted  f o r  maximum 

response, the  ava i lab le  noise  power P(w) can be given by 

where po(w) i s  the  time average Poynting vec tor  a t  t he  pos i t i on  of t he  

receiving antenna, and i n  the  present  discussion it must be given by 

Eq. 64. 



-23- 

- 
2 

In  order t o  determine p(cu,x ) from Eq. 64, t h e  source region a 
Vs, which i s  determined by the  beam area of the  receiving antenna, 

must be spec i f ied  and t h e  integrand must be expressed as a function 

of conveniently chosen coordinate var iables .  Although the  parameter 

I w a s  expressed i n  spherical  coordinate var iab les  (r, 8, cp) i n  t h e  

previous sect ion it i s  not d i f f i c u l t  to  see t h a t  t h e  in tegra t ion  can 
aP 

conveniently be introduced w i t h  respect  t o  the  s o l i d  angle, subtended 

a t  t h e  observation point  instead of carrying out  t h e  volume in tegra t ion  

i n  a spherical  coordinate system as i n  Eq. 64; t h i s  i s  i l l u s t r a t e d  i n  

t h e  following discussion. 

Suppose t h a t  the  observation point  x i s  taken on t h e  surface a 
of t h e  ear th  and t h e  radial  component of t o t a l  noise power received 

by t h e  antenna i s  sought. Then, from Eq. 64, 

where dL? = sine de dcp i s  the  d i f f e r e n t i a l  s o l i d  angle subtended a t  t.he 

o r i g i n  ( the  center  of t h e  earth) by a source located a t  xh and R 

t h e  s o l i d  angle subtended by the source region Vs a t  t h e  or ig in .  

i s  
0 

If dRa i s  the  d i f f e r e n t i a l  s o l i d  angle subtended a t  the  obser- 

by t h e  source located a t  x;, then it i s  not d i f f i c u l t  vat ion point  x 

t o  see t h a t  with t h e  a i d  of Fig. 1, 

a 

A 

where u'(x&) i s  t h e  r a d i a l  uni t  vector  a t  t h e  source point .  

Eq.  71 can be wr i t ten  as follows: 

Consequently, 
1 
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(a) Geomagnetic Spherical  Coordinate System 

A 

"I 

a 

(b) Geometrical Relation Between t h e  Source Points X& 

and the  Observation Points xa 

FIG. 1 COORDINATE SYSTEM AND D E F I N I T I O N  OF VARIABLES. 
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where 

cos JI 
0 

cos 9’  
0 

(74) 

and R 

antenna and r = a + h i s  used i n  t h e  der ivat ion.  

appearing i n  Eq. 74 a r e  those between n and u 

respect ively,  and they a r e  r e l a t ed  geometrically as i s  shown i n  Fig. 1. 

If an antenna of s u f f i c i e n t l y  s m a l l  beam area i s  used f o r  

i s  the  s o l i d  angle representing t h e  beam area of the  receiving a 

The angles \ir and 9; 
0 

A 4 1 J 
and between n and u’ 

1 1 

measurement, some approximation can be made i n  Eq. 73. That i s  t o  say, 

if R 

considered as a constant vector wi th in  the s o l i d  angle Ra, and may be 

replaced by n(xa,qa), where q 

l y ing  on the  ax is  of R 

independent of t he  source point xh  also.  

A 
i s  s u f f i c i e n t l y  s m a l l ,  then the  unit vector  n(x x ’ )  may be  a & a  

- 
A 

is  the representa t ive  source poin t  a 
and the  f a c t o r  y given i n  Eq. 74 becomes a 

Therefore, Eq. 73 becomes 

koAf - 
2 h2 

h 

h* 

I_ kToXZ 
L l +  z2 I T  dh (75) 

and from Eq. 70, with the aid of Eqs. 69 and 75, t h e  expression f o r  t h e  

ava i lab le  noise  power a t  the receiving antenna i s  

h 

where 
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and 

- 
+ (1 - ng).13,(h) - 2 n 1 n 2 P 12 (h)  . (73)  

It i s  observed t h a t  for the  case of a v e r t i c a l  incident  measurement, 
-Ir - 1 -  - 
u = u t  n = 1 and n = n = 0, so t h a t  To = P22 + R a 3  and = 1. 
1 1' 1 2 3 

Consequently t h e  ava i lab le  thermal noise  power a t  the  receiving antenna 

per  u n i t  bandwidth, P if'), f o r  t he  case of v e r t i c a l  incident  measure- 

ment, may be  given by 

0 

h 

(79) 

It i s  i n t e re s t ing  t o  note  t h a t  f o r  a spec ia l  case Y = 0 (corresponding 

t o  the  absence of a geomagnetic f i e l d ) ,  

Furthermore, i f  Z2 << 1, then Eq. 79 i s  reduced e s s e n t i a l l y  t o  t h e  

same form as t h a t  used by many workers 

P,, = 1 and To = 2. - - 
22 

1,2,3,4,13,14. 

Having considered w (f,xh), t he  thermal noise  power generated 
0 

per  u n i t  volume per u n i t  bandwidth, and the  power flow density ( P o y ~ ~ t , i i ~ ~  

vector) a t  the poin t  of observation, the  following na tu ra l  question can 

now be asked: How e f f i c i e n t l y  i s  t he  generated thermal noise  power i n  

t he  ionosphere being converted i.nto thermal electromagnetic wave energy, 

received a t  the detect ing antenna on the  ground? 

One reasonable way t o  answer t h i s  question i s  as  follows. Let 

p s  be the  power flow dens i ty  observed a t  t h e  observation poin t  xa, 

- I  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
1 
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h 

ho Ra 

-kT XZ L: (73 )  

and R 

antenna and r = a + h is  used i n  t h e  derivation. 

appearing in Eq. 74 a re  those between n and u 

respectively,  and they a r e  re la ted  geometrically as  i s  shown i n  Fig. 1. 

is the  s o l i d  angle representing the beam area of t h e  receiving a 

The angles $o and $A 
J 4 J J 

and between n and u '  
1 1 

If an antenna of su f f i c i en t ly  small beam area i s  used f o r  

measurement, some approximation can be made i n  Eq. 73. That i s  t o  say, 
A 

i f  R i s  s u f f i c i e n t l y  small, then the  un i t  vector n(xcc'xA) m a y  be a 

considered as a constant vector within the s o l i d  angle Ra, and may be 

replaced by G(x 
- 

), where q is  the  representat ive source point  a% a 
ly ing  on the  axis of R 

independent of t he  source point x' also. Therefore, Eq. 73 becomes a 

and the f a c t o r  y given i n  Eq. 74 becomes a 

(75) 

and from Eq. 70, with the a i d  of Eqs. 69 and 75, t h e  expression f o r  t he  

ava i lab le  noise power  a t  t he  receiving antenna i s  

h 
koAf j' jkToXZ 1 - 

P,(W) = - rdh J 

1 + z2 2 

hO 

where 
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J - 

and 

- - 
I’ = (1 - n2)R (h)  + (1 - n2)L2=.(h) 

1 11 

+ (1 - >E)L3,(h) - 2 nln2112(h) . 

(‘77) 

(74 

It i s  observed t h a t  f o r  the  case of a v e r t i c a l  incident  measurement, 
1 A -  - 
u = u t  n = l a n d ;  = n 3  = 0, so t h a t  F0 = R22 + R33 and ? = 1. 
1 1’ 1 2 

Consequently t h e  ava i lab le  thermal noise  power a t  t he  receiving antenna 

per  un i t  bandwidth, P (f), f o r  t h e  case of v e r t i c a l  incident  measure- 

ment, may be given by 

0 

h 

(79) 

It i s  in t e re s t ing  t o  note t h a t  f o r  a spec ia l  case Y = 0 (corresponding 

t o  the absence of a geomagnetic f i e l d ) ,  122 - - L,, = 1 and Po = 2 .  

Furthermore, if  Z2 << 1, then Eq. 79 i s  reduced e s s e n t i a l l y  t o  t h e  

same form as  t h a t  used by many workers 9 

Having considered w ( f , x ’ ) ,  the  thermal noise  power g e ~  erat,ed 

per  u n i t  volume per  u n i t  bandwidth, and the  power f’low densi ty  ( L J q ~ ~ t A u g  

vector) a t  the poin t  of observation, the  following na tu ra l  question can 

now be  asked: How e f f i c i e n t l y  i s  t he  generated thermal noise power i n  

t he  ionosphere being converted i n t o  thermal electromagnetic wave energy, 

received a t  the detect ing antenna on the  ground? 

1 2,3,4,13,14 

0 a 

One reasonable way t o  answer t h i s  question i s  as  fol lowsa Let 

p ’  be the  power flow dens i ty  observed a t  t h e  observation poin t  xa, 

‘ I  
I 
I 
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I 
1 
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per uni t  bandwidth i n  the  case of a ve r t i ca l  incidence due t o  the sources 

occupying a uni t  volume,located i n  the neighborhood of x' 

t o  be a un i t  volume i n  Eq. 64, with the aid of Eq. 65, p '  can be given as 

By taking Vs a' 

On the  other hand, l e t  p" be the power flow density which would be 

expected a t  x if an equivalent point source, radiating isotropical ly  

with the  power w (f, x'), were placed a t  x&. 

can be expressed as 

a 
With the  a i d  of Eq. 50, p" 0 a 

Then by examining the r a t io  

R2 

where c i s  the  speed of l i gh t  i n  vacuum, the desired information should 

be obtainable. 

It should be pointed out t h a t  7 can be considered as the  

efficiency of conversion as long as it has a value less than unity. How- 

ever, f o r  a cer ta in  frequency range, par t icu lar ly  i n  the microwave range, 

it i s  possible tha t  q may be greater than unity, i n  which case 7 must be 

looked upon as the  d i r ec t iv i ty  of a nonisotrapic radiating system located 

i n  the  ionosphere rather  than as the  efficiency of conversion. 

V. PARTICULAR CASES - 

It i s  not d i f f i c u l t  t o  see tha t  when Z2 << 1, say Z < 1/10, - 
considerable simplification resul ts  i n  the evaluations of the  various 
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quan t i t i e s  discussed i n  the  previous sect ions,  such as w (f,x&), 

W ( f  , Vs) , pr(w,xa), Po( f )  and 7 .  

spec ia l  cases a r e  considered here: 

Case I: z2 << 1 , 1 << G2 , 

0 

A s  an i l l u s t r a t i o n ,  t he  following 

-- 

Case 11: Z2 << 1 , 3 G2 << 1 , -- 

Case 111: 4 z 2  << 1 ,  3 << G2 , -- 

Case IV:  -- 
For convenience, t h e  subscr ip ts  1, 2, 3 and 4 a r e  introduced i n  t h e  

and 7 t o  ind ica t e  t h e  f a c t  t h a t  Cases I, 11, I11 
'07 "0 

quan t i t i e s  W , 
and I V  a r e  being considered, e.g. ,  W denotes t h a t  W f o r  Case I i s  

being considered, e t c .  

1 

When Z2 << 1, t h e  f a c t o r  O(Z,u) given i n  Eq. 53 i s  reduced t o  

a much simpler form so t h a t  t he  in tegra t ion  of 0 appearing i n  Eq.  52 

can be ca r r i ed  out without t he  a i d  of any numerical method as  shown 

i n  t h e  appendix. Consequently, Eq. 51 becomes 

r 
1 

where 

w i t h  

u = cos 0 and u = cos 8 . 
0 0 1 1 

Suppose t h a t  t he  amount of rad ia t ion  from a layer ,  i . e . ,  a region 

cons is t ing  of a spher ica l  s h e l l  of t h i cknessah ,  i s  t o  be determined; 
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= O , e  = n , r  = r  +Ah and ro = a + h then cpo = 0, cp, = ~II, eo 

can be taken. 

considered invariant with respect to h over Ah, then from 

1 0 1 

If Ah is sufficiently small so that To and Z can be 

Eq* 84, 

W,(f,h) = VokTo(h) Z:(h,f) 

and 

W2(f,h) = 3V kT (h) Z2(h,f) , 
0 0  2 

where 

On the other hand, if 4 Z2 << 1, say 2 Z - < 1/10, then Eq. 79 becomes 

ho+Ah 

Po(f) = zf. kToXZ E(0,h) dh , h 

hO 

(89) 

where 

Once again, if Ah is sufficiently small, Eq. 89 gives 

and 

Po4(f) = 2kToX4Z4 e) II 
where 

(93) 

Similarly. it is not difficult to see that Eq. 50 gives the following 

expressions, with the aid of Eq. 40: 
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w ( f ,h )  = kToZz 
03 

w ( f ,h )  = 3kToZ: , 
04 

while Eq. 82 gives 

and 

(94) 

(95) 

(97) 

Before discussing t h e  s ignif icance of the  above obtained s-mplif ed 

r e su l t s ,  it should be  noted t h a t  t h e  f a c t o r  G(w,r)  given i n  Eq .  19 can 

be approximated i n  t h e  following manner. 

ear th  a i s  approximately 6370 km and t h e  magnetization' M i s  Oe935/h 

amp/m2 f o r  1945 f o r  an a l t i t u d e  h (with r = a + h)  up t o  about 200 km, 

t h e  r a t i o  h/a i s  much smaller than uni ty  so t h a t  

Since t h e  radius of t h e  

f G(w,r) = 

This suggests t h a t  f o r  a height up t o  about 200 km, G = Y ( 8  = n/2) i s  

p r a c t i c a l l y  invar ian t  with respect t o  h. 

c o l l i s i o n  frequency v(h) va r i e s  considerably with t h e  height h i n  t h i s  

sane range of height15. 

90, 100 and 150 km, v takes  on values of 100, 20, 2, 0.65, 0.2, 0.05 

and 0.001 mc pe r  second respectively,  and above 150 kv v va r i e s  very 

l i t t l e .  

of height up t o  about 200 km. 

t he  plasma frequency w (h) ,  a t  h = 80km, N 

w = 1 mc; at h = 90 km, N = 3 x l o l o  per  m3 and w 

On t h e  o ther  hand, t h e  

For example, when h equals 50, 70, 80, 85, 

Consequently, t h e  condition ( v / u  ) 2  << 1 occurs i n  t h e  range b 

A s  f o r  t he  electron densi ty  No(h) and 

= 3 x lo8 per  m3 and 
P 0 

= 10 me. 
P 0 P 

I 
4 
I 
I 
I 
1 
I 
1 
I 
I 
I 
I 
1 
I 
1 
I 
1 
I 
1 
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Furt.liermore it should be noted t h a t  s ince Z(h , f )  i s  defined 

as v(h)/u, t he  range of rad ia t ion  frequency i n  which the  condition 

Z2(h,f)  << 1, say Z(h) - < 1/10, i s  s a t i s f i e d  depends upon the  height 

h .  For example, it i s  3.14 mc < f a t  h = 80 km and O.3lb me < f a t  

h = 90 km. Whereas the  condition 1 << G2, say 10 < G, i s  s a t i s f i e d  

when f - < 70 mc and t h e  condition 3 G2 << 1 i s  s a t i s f i e d  when 12 kmc 

- < f f o r  t he  range of height  up t o  about 200 km, s ince  G i s  p r a c t i -  

tally constant.  

- - 

- 

Since Cases I11 and IV are subcases of I and I1 respect ively,  

t h e  a t t en t ion  i s  focused here  on Cases I11 and I V .  That i s  t o  say 

the  remarks made on Case I11 apply t o  Case I as well, and s imi la r ly ,  

t he  remarks on Case IV can be  applied t o  Case 11. 

In t he  region of t he  ionosphere between 85 km and 2 O O k m  the  

frequency ranges spec i f ied  by Cases I11 and IV now can be given as 

follows : 

Case I11 (and Case I): 1.6 mc < f < 42 mc 

[ r - f  noise]  , 
- -  -- --- 

1 4  kmc < f 

[microwave noise]  . 
-- Case IV (and --- Case 11) : - 

Having es tab l i shed  the  correspondence between the  ranges of parameters 

Z and G, and the  ranges of height and r ad ia t ion  frequency, some mean- 

ing fu l  i n t e rp re t a t ions  can be given t o  the  s impl i f ied  r e s u l t s  obtained 

e a r l i e r .  

Equation 91 suggests tha t  t he  r-f noise power ava i lab le  a t  the  

antenna P (f) depends upon t h e  po lar  angle 8 through the  function 

to(@) given i n  Eq. 93, which has been p l o t t e d  and shown i n  Fig. 2. 

Since to(@) increases  with 8 from Eo(0) = 1/(2G2)<< 1 t o  E0(n/2) = 1, 

03 
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it can be s a i d  that t h e  power l e v e l  of  r-f noise  s igna l  received 

a t  t h e  antenna is lower i n  t h e  po la r  cap zone (8 = 0) and is  higher 

i n  t h e  equator ia l  zone ( e  = n/2) .  

t h a t  t h e  microwave noise  p o w e r  received does not depend upon the  polar  

angle 8. 

On the  o ther  hand, Eq. 92 suggests 

Equation 96 suggests t h a t  t h e  e f f ic iency  of conversion, defined 

i n  Section N, for t h e  r-f noise b e s  depend upon the  polar angle 8 

and a l so  upon the funct ion e o ( 6 ) .  

lower i n  t he  region near the  polar  cap ( e  = 0) and i s  higher i n  t h e  

equator ia l  zone ( 0  = n/2) .  

follows: 

i n  t he  ionosphere a t  a given height, s tored  i n  the  quasi-s ta t ionary 

f i e l d s  i n  the region near the sources, i n  the  polar  cap region than 

i n  t h e  equator ia l  zone. 

It implies t h a t  t h e  e f f i c i ency  i s  

This, i n  turn,  can be in t e rp re t ed  as 

there i s  a l a r g e r  f r ac t ion  of t h e  generated r-f noise  power 

However, Eq. 97 suggests t h a t  no such polar angle dependence 

e x i s t s  f o r  t h e  microwave noise. For example, a t  h = 90 km, s ince  

(LU /e)  = 0.03 and (CD /v) = 5 0 ,  7, = 0.057 to(@) and 7, = 0.38, which 

implies t h a t  about 38 percent  o f  t h e  microwave noise generated a t  

90 km i n  height  reaches the  receiving antenna whereas, a t  most, only 

about 6 percent of t h e  r-f noise generated a t  t h e  same height  reaches 

the  antenna. 

P P 

V I .  CONCLUSIONS - 

The a t t en t ion  has been focused i n  the  present  study on the  

e f f e c t  of co l l i d ing  e lec t rons  under the  assumption t h a t  t he  e f f e c t  

of t h e  motion of ions i n  t h e  region of t h e  ionosphere of i n t e r e s t  

i s  negl ig ib le .  
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The general  expressions derived f o r  W ( f , V s ) ,  t h e  thermal 

noise power generated per  u n i t  bandwidth from any given source 

region V of t h e  ionosphere, and f o r  Po( f ) ,  t h e  ava i lab le  thermal 

power per  uni t  bandwidth received a t  t h e  de tec t ing  antenna due t o  

the  rad ia t ion  from V a re  v a l i d  f o r  a l l  frequency ranges and f o r  
S' 

most regions of i n t e r e s t  i n  t h e  ionosphere, i . e . ,  where t h e  e lec t ron  

c o l l i s i o n  process plays a major ro l e .  Once V i s  specif ied,  t he  

p r o f i l e s  of To(h), No(h) and v ( h )  obtained from the  experimental 

observationsl6J 17, 18, 19, *OJ 21 can be used f o r  t h e  evaluat ion of 

W ( f , V s )  and P o ( f )  . 
t he  s p e c t r a l  d i s t r i b u t i o n  of t he  thermal energy rad ia ted  from the  

ionosphere can be obtained with the  aid of a numerical in tegra t ion  

of t he  expressions derived i n  the  present  repor t .  However, it has 

been demonstrated i n  Section V t h a t  severa l  i n t e r e s t i n g  conclusions 

can be drawn from even a simple consideration of some spec ia l  cases .  

S 

S 

Thus t h e  de t a i l ed  information with regard t o  

It i s  suggested by Eq. 96 t h a t  a l a r g e r  f r a c t i o n  of t he  r - f  

thermal noise power generated a t  a given height  i n  the  ionosphere 

can be converted i n t o  r - f  thermal noise s igna ls  which can reach 

the  receiving antenna i n  t h e  equator ia l  zone ( e  = n/2) than i n  the 

polar  cap zone (13 = 0 ) .  In  o ther  words, a smaller f r a c t i o n  of  the  

generated energy can be s tored  i n  the  region near the  source i n  

the  equator ia l  zone than i n  the  polar  cap zone. It should be noted 

t h a t  t h i s  t heo re t i ca l  observation does not cont rad ic t  the  experi-  

mentally13, l4 observed f a c t ,  i n  the ionospheric radio wave absorption 

measurement, t h a t  absorption i s  higher i n  t h e  polar  cap zone than i n  

the  equator ia l  zone. 

It i s  of i n t e r e s t  t o  note t h a t ,  as suggested by Eq. 91, the  

r.-f noise power ava i lab le  a t  t h e  receiving antenna does depend upon 
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t h e  geographical loca t ion  of  the detect ing antenna and tha t  the power 

l e v e l  i s  higher i n  t h e  equator ia l  zone than i n  t h e  polar  cap zone, 

It i s  indeed des i rab le  t h a t  t h e  present  theory be t e s t e d  and 

v e r i f i e d  with some sort of experimental observation, e.g., a labora- 

t o r y  experiment. In o ther  words, i f  t h e  ionospheric plasma condition 

can be r e a l i s t i c a l l y  represented with a laboratory experiment, then 

it w i l l  permit a study of t h e  cha rac t e r i s t i c s  of thermal rad ia t ion  

i n  grea t  d e t a i l  and a t e s t  o f  the  soundness of the present  theory. 

It should be pointed out tha t  t h e  present  analysis  may not be 

as rigorous as a microscopic treatment using the  Boltzmann t ranspor t  

equation with the  proper co l l i s ion  in t eg ra l .  However, t h i s  method 

of analys is  does o f f e r  a simple and d i r e c t  way of analyzing the  

thermal r ad ia t ion  from an anisotropic  ionized medium and it radia t ion  

cha rac t e r i s t i c s .  

The author i s  very g ra t e fu l  t o  Professor J. E. Rowe for h i s  

contr ibut ions and f o r  reading the  manuscript. 



APPENDIX A 

DERIVATION OF VARIOUS EQUATIONS 

1. Derivation of Eq.  40 - -- - 
N 

Since LaB i s  defined as 

.-. 

where t h e  symbol 

and E 

denotes the  complex quantity, by l e t t i n g  E = c + j do 
0 

= aaB + jbaB i n  E q .  A . l  
aB 

( A .  2) 

On t h e  o the r  hand, 5 i s  given by Eq.  22, and i t s  r e a l  p a r t  c 

imaginary pa r t  d 

and 
0 

a r e  given by 
0 

cu€oxz (z2 + Y2 - 3 )  
c =  
0 (1 + Z2) Q 

and 
cueox (1 - 3Z2 - Y2) 

- 
7 

(1 + Z2> Q do - 

where 

Q = (Y2 Z2 - 1)2 4- 4 Z2 . 
N 

can be  arranged i n t o  t h e  following convenient form: La B 

~ 

-36- 
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+ C(Z2 -t Y2 - 3)(bm - bw)II (A. 6) 

where a and b for and f3 = 1, 2, 3 a r e  given i n  Eq. 24.- Upon 

subs t i t u t ing  a and b 

aP aP 
i n t o  E q s .  A .5  and A.6, Eq. 40 i s  obtained. aP aP 

2. Derivation of a. - '19 - - 
Since t h e  tensor  (or matrix) [y 1 ,  given by Eq. 20, can be aP 

expressed as the  sum of a symmetric tensor  (or  matrix) [ S  1 and an 

antisymmetric tensor  (or matrix) C T  1 
af3 

CUP 

it follows t h a t  
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+ Z +  j * * [K K* + K2 K2 + K3 K,] = K' S K + K+ T K = - - -  - - -  - E - -YE - 

By noting tha t  t he  quant i ty  ins ide  t h e  cur ly  bracket  appearing on t h e  

right-hand side o f  Eq.  A.9 i s  purely imaginary, s ince y and y a r e  

r ea l ,  

13 23 

3. Derivation of 3. 5 1  - - - 
For convenience, l e t  L be defined as 

L = R + R2, + R,, ; 
11 

(A. 10) 

(A. 11) 

then it i s  not d i f f i c u l t  t o  show with the  a i d  of Eq.  40 t h a t  

L = 1 + 2R3, y (A. 12) 

where R,,(Y,Z) i s  given i n  Eq.  40. 

upon 8, i n  order t o  f a c i l i t a t e  t he  in tegra t ion  with respect t o  8, R,, 

can be expressed conveniently as 

Since only the  parameter Y depends 

where 

(A. 14) (1 + z2 f Y2) 
Y4 + 2(z2 - 1) Y2 + (22 + 1)2 

O(Y,Z) = 

The volume integrat ion of w ( fyF) ,  given by Eq. 50 w i t h  the  a i d  of 

E q s .  A.12 and -4.13, y ie lds  Eq.  51. 

A.14, with u = cos 8 ,  gives E q s .  53 and 54. 

0 

The subs t i t u t ion  of Eq. 23 in to  
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4. Derivation of *. 60 and 61 - - --- 
From Eqs.  57 and 58 

1 1 
1 V(O A) - j a A  . A 

E =  
j a P, c0 

The f a c t  t h a t  

y i e lds  

- j k o R  

R dV'  . 0 e 

R4 R3 R2 

The subs t i t u t ion  of Eqs.  55 and  ~.16 i n t o  Eq. A.5 gives 

- j k o R  

R 

k2 j3k0 
dV'  - 

'R2 R3 R4 

(A. 16) 
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On t h e  other  hand, from Eqs. 55 and 59 

' S  

5. Derivation of Eq. 64 - - I -- 
If on1.y the  l , / R  dependent rad ia t ion  f i e l d  i s  taken i n t o  account, 

from Eq.s. .A.17 and . A . l t :  'che following can be der-ived: 

and 

' S  

- 1 A  1 1  1 A 
where k' = n'  ko and k" = n" ko, with n '  and n" being the  u n i t  vectors  

d i rec ted  from the  source poin ts  x' and x" t o  t he  poin t  of observation a a 
x respect ively.  The quan t i t i e s  with a prime denote those associated 

with a source loca ted  a t  t h e  poin t  x& and those with double primes 

denote association with a source a t  the  point  x:. 

a' 

Then, from Eqs .  19 and 20, t h e  complex Poynting vector  can be 

given as follows: 



A A  
jko($' 3' - n'  - R ' )  

0 e dV' dV" , R' R" 
- - -  

2 

(A. 21) 

where 

With t h e  a i d  of t h e  vector  algebraic i d e n t i t i e s ,  it i s  not d i f f i c u l t  t o  

show t h a t  M i s  expressible  as 
A 

It should be  noted t h a t  each t e rm on t h e  right-hand s ide  of Eq. A . 2 3  

contains a f ac to r  of t h e  form (K'  K"") with Ct,B = 1, 2, 3. It has a B  
been pointed out i n  connection with Eq. 56 t h a t  s ince K' contains t h e  a 
Dirac d e l t a  function of t he  form 6(xa - x&) and K" contains 6(xa - xi), 

(K' K") i s  proport ional  t o  "(xa - x&) 6(xa - xi). This is consis tent  a B  
with the  discussion given i n  Section I11 with respect t o  t h e  s p a t i a l  

a 

A A 
n cor re la t ion  of t h e  source current.  Consequently, x' = xi, 2' = n'' = a 

and R '  = R" = R(xa,xA) can be se t  i n  t he  i n t e g r a l  of Eq. A . 2 l Y  with 

t h e  r e s u l t  

( A D  24) 
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where 

( A . 2 5 )  

By  l e t t i n g  
A -1 A 

+ u  n 2 + u 3 n  
u1 nl 2 3 

n =  

and 
1 -1\ 1 A 
K = u K + u  K + u 3 K 3  , 

1 1  2 2  

M becomes 
0 

= (1 - n2)[K K*] + (1 - nz) [ K  K:] + (1 - nz)[K3 Kl] 
MO 1 1 1  2 

- n n [K K: + K* K ~ I  - n n [ K  K* + K* K I - n n [K K~ + K' K ~ I  , 
1 2  1 1 1 3  1 3  1 3  2 3 2 3  3 

( A , 2 ' 0  

which can also be  conveniently wr i t ten  i n  matrix nota t ion  as  

Mo = - K ' R K  - -  , (A. 28) - 

where K i s  a column matrix, K+ a row matrix and R i s  a square r e a l  

symmetric matrix whose elements a re  given by 

- - - - 

(A e 29) - - (sap - na np) a,@ = 1, 2, 3 , 

where 6 i s  t h e  usual  Kronecker d e l t a .  
ai3 

Now, w i t h  t h e  a id  of Eq.  38, from A.27, 

2 n3 32 
- n  n ( L  + L  ) - n l n 3  ("13 + L31/ 1 - n  

1 2  12 21, 

(A. 26) 
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which can be f u r t h e r  wr i t ten  with the  a i d  of Eqs.  39 and 40 as 

where 

A 
I n  view of t he  f a c t  L a t  < M > 

rea l ,  t he  time average Poynting vector  p(x  ) can be given from Eqs .  A.24 

and A . 3 1  2,s 

= (1/2) Re (Mo), and n and R are 
0 avg - 

A 

a 

where h i s  t he  f r e e  space wavelength, Z, X and T = k To-. with T 

the  e lec t ron  temperature i n  the source region, a r e  the  funct ions of x' a 
and ko = 2n/h  i s  used. 

being 
0 

6. Ekaluation of t h e  In t eg ra l  Io(Bo,B ) Defined i n  Eq. 85 -- - 1 -- - 
Note t h a t  I o ( B o , B  ) i s  defined as  

1 
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, 

b o + U o  1 Io(Qo,el) = [c log { bo - u 0 (3 G2> (1 - G2> 

when Z 2  << 1, Q(Z,u) given by Eq .  53 i s  reduced t o  the  following form: 

b - U  
0 1 

1 
bo + u 

where 

Then the  in t eg ra l  I can be evaluated r ead i ly  with t h e  a i d  of a 

standard tab le  of integrals2".  

Case 1 

0 

-- 

1 < G ; (0 < a:) [using 120.1 and 120.2 of Reference 221 

Case 2 -- 

- a 2 > 0  G < 1  ; ( a g . 0 )  o r  ( b 2  0 = 
0 

[usir,g 140.1 and 140.2 of Reference 221 



where 

Case 2 - 

from A.35, so t h a t  
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b2 = (1 - G2) 

3G2 
0 (A.37) 

1 1  2 1  eo(U) = - - + -- 
3 u2 9 u4 

and 

provided t h a t  t h e  i n t e r v a l  (u , u  ) does not  contain the point  u = 0, 

i . e . ,  8 = n/2. 

be s implif ied by l e t t i n g  a' = 1/3. 

czn be used i n  Eq.  A.37. 

0 1  

It should be noted t h a t  when 1 << G2, Eq. A.36 can 

Similarly, when G2 << 1, b' = 1/(3G2) 
0 0 
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